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Abstract
Let P be a set of points in R2 in general position such that each point is coloured with one of k colours. An alternating path of
P is a simple polygonal whose edges are straight line segments joining pairs of elements of P with different colours. In this paper
we prove the following: suppose that each colour class has cardinality s and P is the set of vertices of a convex polygon. Then P
always has an alternating path with at least (k − 1)s elements. Our bound is asymptotically sharp for odd values of k.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let P be a collection of 2s points in general position on the plane. Suppose that s elements of P are coloured red and
s blue. An alternating path of P is a simple polygonal whose edges are straight line segments joining pairs of elements
of P with different colours. Alternating paths of point sets were ﬁrst studied in Akiyama and Urrutia [3]. In that paper,
an algorithm that decides if an alternating path that covers all the elements of P exists is given when the elements of
P are in convex position, i.e. the elements of P are the vertices of a convex polygon.
In [1], the problem of ﬁnding an alternating path for a point set in general position is studied. It is shown that if all
the red elements of P are separated from all the blue elements by a line or if all the blue points are contained in the
convex hull of the red points, then there is an alternating path that covers all the elements of P . Later, in [2], this result
is used to prove that any point set P in general position always has an alternating path that covers at least half of the
elements of P . There it is also proved that there are point sets in convex position such that any alternating path covers
at most 23 of the elements of P and it is conjectured that this bound is sharp.
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Here we consider the situation when P is a point set in convex position with t = s1 + · · · + sk elements, si coloured
with colour i. In Section 2, we show that P always admits an alternating path which covers t-maxi{si}+ 1 elements of
P . If P has 3s elements, s red, s blue and s black, we prove in Section 3 that P has an alternating path which covers
2s + 2 elements and that this bound is sharp. In general, we show that if P has ks points, and for each 1 ik it has s
points coloured i, then P admits an alternating path of length at least (k − 1)s, and this bound is asymptotically sharp
for odd values of k. In Section 4, we give some ﬁnal remarks and some problems. For general graph theory we remit
the reader to [4].
2. Point sets with k colours
Let P1, . . . , Pk , k > 1, be a collection of disjoint non-empty point sets such that the points in P =P1 ∪· · ·∪Pk are in
convex position and |P | = n. We assume that points in Pi have colour ci and that c(u) is the colour of the point u ∈ P .
An alternating path of points in P is a simple polygonal whose edges are straight line segments joining elements of P
with different colour, see Fig. 1. We assume that |Pi |2, for 1 ik.
An alternating path Z of P will be called a zig-zag path if there is a straight line l that intersects all the edges of Z,
see Fig. 1 for an example. If |P1| = · · · = |Pk|, P will be called a k-balanced point set.
Suppose that the elements of P are labelled with the integers {0, . . . , n − 1} such that consecutive points in the
convex hull of P receive consecutive integers (taking n − 1 and 0 to be consecutive). We construct a zig-zag path Z as
follows:
• The ﬁrst vertex of Z is 0.
• Let i1 be the smallest integer such that c(i1) = c(0). The second vertex of Z is i1.
• Let j1 be the largest integer such that c(j1) = c(i1). The point j1 is the third vertex of Z.
• Suppose that the ﬁrst 2k + 1 (respectively, 2k + 2) vertices of Z, 0, i1, j1, . . . , ik , jk have been chosen. Then, the
next vertex of Z corresponds to the smallest integer ik+1, if it exists, such that c(ik+1) = c(jk) and ik < ik+1 <jk
(respectively, the largest jk+1, if it exists, such that c(ik+1) = c(jk+1) and ik+1 <jk+1 <jk).
Now, for a given element u of P , we deﬁne two zig-zag paths for it. The ﬁrst one, Z+u , is obtained by the above
procedure when relabelling the elements of P in the clockwise direction with the integers {0, . . . , n − 1} starting from
u. The second one, Z−u , is obtained in the same way but we relabel in an counterclockwise direction starting from
u. See Fig. 2 for an example. Here we consider two alternating paths to be the same if they have the same set of
segments.
Remark 1. Z+u and Z−u are different zig-zag paths.
The zig-zag path Z+u has two endpoints, u itself and a unique point v = u+ different from u, which we called the
antipode of u with respect to Z+u . During the procedure to deﬁne Z+u , u+ receives a label i and its (only) neighbour w
in Z+u a label j. Notice that if i < j , then Z+u = Z+u+ , and that Z+u = Z−u+ if i > j . See Fig. 3 for an example. We denote
this unique zig-zag path Z±
u+ . We deﬁne similarly Z
±
u− .
Fig. 1. On the left-hand side, we have an alternating path and on the right-hand side we have a zig-zag path, a particular type of alternating path.
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Fig. 2. On the left-hand side we have Z+u , the zig-zag path in the clockwise direction starting from u; and u+, the antipode of u with respect to Z+u .
On the right-hand side we have Z−u and u−.
u+=i
u+=i
w=j
u=0
u=0
w=j
Fig. 3. On the left-hand side we have a case where Z+u = Z+u+ , and on the right-hand side a case where Z
+
u = Z−u+ .
Remark 2. Z±
u+ (respectively, Z±u− ) is the same as either Z+w or Z−w but not both, for some unique w ∈ P different
from u.
Consider the setZ= {Z+u , Z−u |u ∈ P } of zig-zag paths. We have the following lemmas.
Lemma 3. The cardinality ofZ equals |P |.
Proof. Construct the graph G on V =Z ∪ P by adding all the edges {u,Z+u } and {u,Z−u } for all u ∈ P . Thus, G is a
bipartite graph. The degree of any u in P is 2, by Remark 1; and, by Remark 2, the degree of any Z inZ is also 2. So
G is a 2-regular bipartite graph and |P | = |Z|. 
Lemma 4. For any given segment uv with endpoints u and v with different colours, there are exactly two elements of
Z that use uv.
Proof. Let u and v be points in P with different colours. The segment uv splits P into two sets of points P1 and P2 in
convex position such that P1 ∩ P2 = {u, v}.
In P1, u and v are next to each other. Suppose w.l.o.g. that in P1, v follows u in the clockwise direction. Let us take
Z1 = Z+u in P1 and Z2 = Z+v in P2. The segment uv is the only one that is shared by Z1 and Z2. Let us take Z±u+ in P1
as constructed before. By Remark 2, we can suppose w.l.o.g. that Z±
u+ = Z+w for some unique w ∈ P1. Clearly, Z+w in
P is precisely the zig-zag path that consists of the segments of Z1 ∪ Z2.
In a similar fashion, Z′1 = Z−v in P1 and Z′2 = Z−u in P2 deﬁne a unique zig-zag path of the form either Z+w′ or Z−w′
in P that consists of the segments of Z′1 ∪ Z′2. As at least one of P1\{u, x} or P2\{u, v} are not empty, we have that
Z1 = Z′1 or Z2 = Z′2. Thus the two paths deﬁned above are different.
Finally, let us suppose that there exists Z = Z+
w′′ , with w = w′′ = w′, such that uv belongs to Z. Suppose w.l.o.g.
that w′′ ∈ P1 and that u is before v when traversing P in the clockwise direction starting from w′′.
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We have two cases. If v is before u in Z when starting from w′′, then Z=Z1 ∪Z2, where Z1 =Z+u in P1 and Z2 =Z+v
in P2. Else, Z =Z′1 ∪Z′2, where Z′1 =Z−v in P1 and Z′2 =Z−u in P2. In both cases Z was already constructed. The case
when Z = Z−
w′′ is similar.
We conclude that for each segment uv with endpoints coloured differently, there are exactly two elements ofZ that
use it. 
We compute now
∑
Z∈Z l(Z), where l(Z) is the length (number of segments) of Z.
Proposition 5. Let P1, . . . , Pk be a collection of disjoint point sets such that the points in P1 ∪ · · · ∪ Pk are in convex
position. Then there exists a setZ of zig-zag paths such that∑
Z∈Z
l(Z) = 2
∑
1 i,j  k
i =j
ninj ,
where ni = |Pi |.
Proof. ConstructZ as before. The result follows from Lemma 4 as any segment that joins two points of different sets
Pi and Pj is in exactly two elements ofZ. 
Theorem 6. Let P1, . . . , Pk be a collection of disjoint point sets such that P =P1 ∪ · · · ∪Pk is in convex position and
|P1| |P2| · · ·  |Pk|. Then there exists a zig-zag path of length at least |P | − |P1|.
Proof. Let ni = |Pi |, 1 ik, and let Z be the set of zig-zag paths in P as constructed before. From Proposition 5
and Lemma 3 the average length of the elements inZ is
1
|Z|
∑
Z∈Z
l(Z) = 1
n
∑
1 i,j  k
i =j
2ninj
= 1
n
(
n2 −
k∑
i=1
n2i
)
n − n1.
Thus, there exists an element ofZ of length at least n − n1. 
Corollary 7. Let P be a k-balanced point set with ks points. Then there exists an alternating path of length at least
(k − 1)s.
Proof. Follows directly from Theorem 6. 
As an application of our results we give a proof of the following lemma:
Lemma 8. Let P be a 2-balanced point set in convex position. For any u ∈ P , the paths Z+u and ∪Z−u form a cycle
that covers all the points in P .
Proof. Let l be the line joining u with its antipode u+ with respect to Z+u . First suppose that u and u+ have the same
colour, say red. Observe that if l leaves k points unused by Z+u above it, then all are red and it leaves exactly k + 1 blue
points unused by Z+u below it. These points and the ﬁrst and last vertices of Z+u are the ones used by Z−u .
Now suppose that u and u+ have different colours, say u is red. In this case if l leaves k points unused by Z+u above
it, then all are red and it leaves exactly k blue points unused by Z+u below it. See Fig. 4. Again, these points together
with the ﬁrst and last vertices of Z+u are the ones used by Z−u . In both cases Z+u ∪ Z−u form a cycle that covers all the
points in P . 
In [2] it is proved that any 2-balanced point set in general position has an alternating path which covers at least half
of the elements of P and starts from any given point lying on the convex hull of P . If the points in P are in convex
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Fig. 4. On the left-hand side we have Z+u and on the right-hand side we have Z−u . Together they form a cycle which uses all the points.
position, the previous result implies that we can ﬁnd a zig-zag path which covers at least half of the elements of P and
starts from any given point of P .
3. Point sets with an odd number of colours
From the previous section we know that if we have a (2r + 1)-balanced point set P with (2r + 1)s points, there is a
zig-zag path of length at least 2rs. For the case r = 1 we have the following:
Theorem 9. If P =P1 ∪P2 ∪P3 is a 3-balanced point set with 3s points then there exists an alternating path of length
at least 2s + 1.
Proof. Let T be a zig-zag path of maximum length t. If t2s + 1 the result is true. So, by Corollary 7, we can assume
that t =2s. Thus, there exists a point x ∈ P not in the vertices of T coloured, say, blue. For such an x there always exists
a set W with either 2 or 3 consecutive vertices in T such that the segments from x to the vertices in W do not intersect
the edges of T, as in Fig. 5. Let us consider the case when W has 3 points.
Let a, b and c be the consecutive points. By construction of the zig-zag path x and b have the same colour, for
otherwise we would have chosen x in the procedure of Section 2. The number of blue points in T is at most s − 1, then
not all the points in T at even distance from b are blue. Let y be such a vertex at minimum distance from b in T and
y′ the last blue vertex before y. If c is closer than a to y in T, we can obtain a new alternating path of length t + 1 by
deleting all the edges between a and y and adding the edges ax, xc, yy′ and the edges given by our procedure when
restricted to the vertices between b and y′. See Fig. 5. If a is closer than c to y the argument is similar. Also, the case
when W has 2 points is the case when the path T up to b is empty, so the same argument applies. 
Our next statement shows that the bound given in Corollary 7 is asymptotically tight and for the case k=3 the bound
2s + 1 is tight, by Theorem 9.
Theorem 10. For any odd integer k > 1, there exists a k-balanced point set P with ks points such that the maximum
length of an alternating path is (k − 1)(s + 1/2).
Proof. For r0, let us take P with n = (2r + 1)s elements labelled with the integers {0, . . . , n − 1}. We colour point
i with colour j if (j − 1)s i < js, for some 1j2r + 1. We show that the maximum length of an alternating path
is (2r)s + r . Let T be an alternating path of maximum length for P . Observe that if we recolour one point in P with an
unused colour to get P ′, the maximum length of an alternating path in P ′ is at most l(T ) + 1, if r1, and l(T ) + 2, if
r = 0.
The result is clear for r = 0, so we assume r1. If the ﬁrst edge of T joins points of colour i and i′, with i < i′,
clearly i′ = i + 1 mod r . It is not difﬁcult to check that we can choose T such that it uses all the points in the colour
classes i and i′. By relabelling, we can assume i = 1, i′ = 2r + 1 and that T starts at the point labelled 1.
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Fig. 5. The modiﬁcation on the path T as in Theorem 6, where in the ﬁgure the ﬁrst and last segments of T are not shown.
Fig. 6. Examples of a 3-balanced and a 5-balanced point set with corresponding alternating paths of maximum length.
Thus, T will be the zig-zag path 1, n, 2, . . . , s − 1, n − s, s up to s. At this point, T can go either to n − s + 1 or to
s +1, where the latter point has colour 2. In the ﬁrst case, we have a new instance P ′′ of the point set {s +1, . . . , n− s}
with r ′′ = r − 1. By induction, T restricted to P ′′ is an alternating path of length at most 2(r − 1)s + (r − 1).
In the second case, if r2, we have a new instance P ′′ of the point set {s + 2, . . . , n − s + 1}. That is the case
when r ′′ = r − 1 but one point is being recoloured with an unused colour. By induction and the previous observation,
T restricted to P ′′ is an alternating path of length at most 2(r − 1)s + r . If r = 1, take P ′′ as {s + 1, . . . , n − s + 1};
then all the points have the same colour except for n− s + 1. By the previous observation T restricted to P ′′ has length
2. We conclude that T has length at most 2rs + r .
To complete the proof, we observe that we can always get an alternating path of length (2r)s + r by means of
a construction that is best described by the example on Fig. 6. 
4. Final remarks
If P is 2r-balanced, deciding if P has an alternating path which covers P can be done in O(|P |2) by using a similar
algorithm as in [3]. In general, for any point set P coloured with k colours, ﬁnding the maximum length of an alternating
path in P can also be done in O(|P |2) by dynamic programming as in [2].
Let P be a k-balanced point set with n = ks points. If k is odd, we have shown that the lower bound (k − 1)s for
the length of an alternating path on P is asymptotically tight. However, the case when k is even appears to be more
difﬁcult and even the case k = 2 has not been settled. The results in [2] indicate that the right value for the lower bound
is probably 23n. For k even, k > 2, our results give a lower bound of (k − 1)/kn, but further improvement could be
expected in this case.
The case when P is a set of points in general position is almost unexplored. Some results are given in [2,5] when P
is coloured with 2 colours.
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